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We investigate the universal behavior of the Kardar-Parisi-Zhang equation with temporally cor-
related noise. The presence of time correlations in the microscopic noise breaks the statistical tilt
symmetry, or Galilean invariance, of the original KPZ equation with delta-correlated noise (de-
noted SR-KPZ). Thus it is not clear whether the KPZ universality class is preserved in this case.
Conflicting results exist in the literature, some advocating that it is destroyed even in the limit of
infinitesimal temporal correlations, while others find that it persists up to a critical range of such
correlations. Using non-perturbative and functional renormalization group techniques, we study the
influence of two types of temporal correlators of the noise: a short range one with a typical time-scale
τ , and a power-law one with a varying exponent θ. We show that for the short-range noise with
any finite τ , the symmetries (the Galilean symmetry, and the time-reversal one in D = 1 + 1) are
dynamically restored at large scales, and the long-distance properties are governed by the SR-KPZ
fixed point. In the presence of a power-law noise, we find that the SR-KPZ fixed point is still
stable for θ below a critical value θc, in accordance with previous RG results, while a long-range
(LR) fixed-point controls the critical scaling for θ > θc, and we evaluate the θ-dependent critical
exponents at this LR fixed point, in both D = 1 + 1 and D = 2 + 1 dimensions. While the results in
D = 1 + 1 can be compared to previous estimates, no other prediction was available in D = 2 + 1.
I. INTRODUCTION
The Kardar-Parisi-Zhang (KPZ) equation [1], orig-
inally derived to describe stochastic interface growth,
stands as a fundamental model in non-equilibrium statis-
tical physics to understand scaling and phase transitions
out-of-equilibrium, akin the Ising model at equilibrium.
Beyond growing interfaces, the KPZ universality class
extends to many very different systems, such as directed
polymers in random media, randomly stirred fluids, par-
ticle transport, driven-dissipative Bose-Einstein conden-
sates, to cite a few [2–6].
An impressive breakthrough has been achieved in the
last decade regarding the characterization of the KPZ
universality class for a one-dimensional interface, sus-
tained by a wealth of exact results [7]. A particularly
striking feature is the discovery of universality sub-classes
for the distribution of the height fluctuations, determined
by the nature of the initial conditions (flat, sharp-wedge,
or stochastic), which has revealed a deep connection with
random matrix theory [8–12]. Moreover, experiments in
liquid crystals provided the first set-up to allow for quan-
titative measurements of KPZ universal properties, and
they confirmed with a high precision the theoretical re-
sults [13, 14].
However, for a higher-dimensional interface, or in the
presence of additional ingredients such as the presence
of correlations of the microscopic noise, the integrability
of the KPZ equation is broken, and controlled analyti-
cal methods to describe the rough phase are scarse. The
Non-Perturbative (also named functional) Renormaliza-
tion Group (NPRG) is one of them, and is the one we
employ in this work. Our aim is to investigate the effect
of temporal correlations in the microscopic noise. Let us
first define it more precisely.
The original KPZ equation is a Langevin equation
which includes as a key ingredient a non-linearity
∂th = ν ~∇2h+ λ
2
(~∇h)2 + η . (1)
The non-linear term models a lateral growth of the height
profile and it tends to enhance the roughening of the
interface. The noise η is defined as a Gaussian noise
with zero mean and variance
〈η(t, ~r)η(t′, ~r ′)〉 = 2D δ(t− t′)δd(|~r − ~r′|) , (2)
where d is the dimension of the interface, moving in a
D-dimensional space with D = d+1. The KPZ equation
with such delta correlations will be referred to as Short-
Range (SR) KPZ. Of course, these delta correlations of
the noise are an idealization, as it is not likely to be re-
alized in real systems. This raises the natural question
of the robustness of the KPZ universal properties with
respect to the presence of some microscopic correlations
in the stochastic process driving the growth. This ques-
tion was first investigated by Medina et al. [15], who
considered the more general form of noise correlator
〈η(t, ~r)η(t′, ~r ′)〉 = 2D(|x− x′|, t− t′) (3)
with Long-Range (LR) power-law correlations, defined in
the Fourier space as
D(ω,~k) = D0 +Dθk
−2ρω−2θ . (4)
This modification of the noise structure breaks the in-
tegrability of the original SR KPZ with noise (2). The
effect of spatially correlated noise has been thoroughly
investigated, both analytically and numerically [16–30].
It was shown that for a SR enough noise, i.e. ρ < ρc,
the standard SR KPZ properties are preserved, while be-
yond ρc, a LR phase with ρ-dependent critical exponents
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2emerges. For a noise characterized by a finite correlation
length ξ, it was shown for a one-dimensional interface
that the time-reversal symmetry, which is broken by the
presence of the spatial correlations in the microscopic
noise, is restored at large distance, and thus one also
finds SR KPZ universal physics in this case [31].
In contrast, temporally correlated noise has received
much less attention. The few existing analytical [15, 32–
35] and numerical [36, 37] studies yield conflicting results.
One of the reasons is that the presence of temporal corre-
lations is much more severe, in that it breaks the consti-
tutive KPZ symmetry, which is the Galilean invariance,
also known as statistical tilt symmetry. Thus it is not
clear a priori whether even an infinitesimal amount of
time-correlation destroys or not KPZ universal physics,
and both answers have been given. Let us summarize
these results.
The problem of temporal correlations of the mi-
croscopic noise was first investigated using Dynamical
Renormalization Group (DRG) by Medina et al., focus-
ing on d = 1 [15]. They found that the SR KPZ fixed
point is stable up to a threshold value θc = 1/6, and thus
for θ ≤ θc, the critical exponents are the standard SR
KPZ ones zSR = 3/2 and χSR = 1/2 in d = 1. Above
the threshold θc, they determined from the one-loop flow
equations an approximate expression of the critical ex-
ponents:
χLR =
1 + 4θ
3 + 2θ
, zLR = 2− χLR , (5)
obtained by neglecting the corrections on the non-
linearity induced by the violation of Galilean invariance
due to the presence of temporal correlations. This expres-
sion is thus only valid for small θ close to the threshold.
Indeed, the exact relation χSR + zSR = 2 stemming from
Galilean invariance, in any d, only holds at the SR fixed
point, and is replaced at the LR fixed point by the exact
relation
zLR(1 + 2θ)− 2χLR − d = 0 , (6)
which is violated by the estimate (5). The authors then
solved numerically a set of truncated flow equations in
d = 1 which led to exponents, that could be approxi-
mately fitted by
χLR = 1.69θ + 0.22 , zLR =
2χLR + 1
1 + 2θ
. (7)
At variance with this scenario, Ma and Ma [32] ad-
vocated on the basis of a Flory-type scaling argument a
smooth variation of the critical exponents as functions of
θ, with no threshold, following
χLR =
2 + 4θ
2θ + d+ 3
, zLR =
2d+ 4
d+ 3 + 2θ
, (8)
such that the SR KPZ exponents are only preserved at
θ = 0. This alternative scenario was supported by a
Self-Consistent Expansion (SCE) developed by Katzav
and Schwartz [33]. The authors found within the SCE
two strong-coupling solutions, one which coincides with
the one-loop DRG result, and the other, considered as
dominant, which leads to a smooth dependence on θ with
no threshold, and with a decreasing zLR(θ), whereas the
solution (7) is increasing.
The problem was re-visited using perturbative func-
tional RG within the framework of elastic manifolds in
correlated disorder [34]. In this context, a crossover from
a SR behavior to a LR one beyond a certain threshold
was confirmed. The two-loop LR exponents were calcu-
lated in a perturbative expansion in  = 4 − d where d
is the dimension of the elastic manifold. However, the
KPZ interface is equivalent to a d = 1 directed polymer,
which implies  = 3, and the extrapolation to such large
value is not reliable. Notwithstanding this limitation, the
two-loop results indicate a decreasing zLR for small θ, at
variance with (7). Based on a stability criterion, the au-
thor also derives bounds for the value of zLR in d = 1
as
5
3 + 2θ
≤ zLR ≤ 3
2
(9)
where the lower bound coincides with the one-loop result
(5). This bound rules out both the second SCE solution
and the scaling solution.
On the analytical side, the situation is thus unclear.
Moreover, the very few existing numerical simulations
[36, 37] can not convincingly discriminate between the
two scenarii (presence or absence of a threshold) nor on
the sense of variation of zLR. They essentially find a
very weak dependence at small θ and are too scattered
to settle whether zLR is decreasing or increasing at larger
values of θ. Note that the effect of temporal correlation
is also crucial in the context of turbulence. In particular,
field theoretical approaches to turbulence are constructed
from Navier-Stokes equation with a stochastic forcing,
which is delta-correlated in time to preserve Galilean in-
variance. The presence of temporal correlations in the
forcing correlator was investigated in [38], and the re-
sults support the robustness of the SR properties below
a threshold value.
In this work, we analyze the effect of temporal corre-
lations of the microscopic noise in the framework of the
NPRG. Indeed, this method has turned out to be suc-
cessful to describe KPZ interfaces since the NPRG flow
equations embed the strong-coupling fixed point in any
dimensions [39], whereas the latter cannot be reached at
any order from perturbative expansions [40]. Moreover, a
controlled approximation scheme, based on symmetries,
can be devised in this framework [41, 42]. It was shown
that it reproduces with high accuracy the exact results
in d = 1 for the scaling function [41]. It yielded predic-
tions for dimensionless ratios in d = 2 and 3 [42] which
were later accurately confirmed by large-scale numerical
simulations [43]. This framework was extended to study
anisotropy [44], and also spatial correlations in the noise,
3following a power-law [30] or with a finite length-scale
[31].
We here study the influence of temporal correlations
both in d = 1 and d = 2, and both for a finite correlation
time or for a power-law correlator
Dτ (ω,~k) = D0e
− 12ω2τ2 , D∞(ω,~k) = D0 +Dθω−2θ .
(10)
The Dτ correlator is studied to probe whether the SR
KPZ physics is destroyed as soon as Galilean invariance
is broken at the microscopic scale, even on a short finite
range. We find that this is not the case, and we show that
when τ is finite, this symmetry is always restored at long
distance. We then investigate the power-law temporal
noise, and find that the SR KPZ fixed point is stable
below a threshold θc = 1/6 in d = 1 and θc ' 0.35 in
d = 2. On the other hand, beyond this threshold, a LR
fixed-point takes over and we compute the θ-dependent
critical exponents in this LR dominated phase.
The remainder of the paper is organized as follows. We
briefly present the KPZ field theory and its symmetries
in Sec. II. We then introduce the NPRG framework, and
the approximation scheme used in Sec. III, and derive the
corresponding flow equations. The results are presented
and discussed in Sec. IV.
II. KPZ FIELD THEORY AND ITS
SYMMETRIES
The KPZ equation (1) can be cast into a field the-
ory following the standard response functional formalism
introduced by Martin-Siggia-Rose and Janssen-De Do-
minicis [45–47]. The KPZ field theory reads
Z[j, j˜] =
∫
D[h]D[h˜]e−S[h,h˜]+
∫
t,~x
{
jh+j˜h˜
}
S[h, h˜] =
∫
t,~x
{
h˜
(
∂th− ν∇2h− λ
2
(∇h)2
)}
−
∫
ω,~q
h˜(−ω,−~q)D(ω, ~q)h˜(ω, ~q) (11)
where
∫
t,~x
≡ ∫ dtdd~x and ∫
ω,~q
≡ ∫ dω2pi dd~q(2pi)d . Upon rescal-
ing the time and the fields, one finds that the SR part of
the KPZ action is characterized by a single dimensionless
coupling g = λ2D0/ν
3, while the LR correlation intro-
duces another dimensionless coupling wθ = Dθ/(D0ν
2θ).
The two couplings have canonical dimensions
[g] = 2− d, [wθ] = 4θ . (12)
In the absence of temporal correlations, i.e. with a
noise correlator D0(ω,~k) = D0, the KPZ action possesses
several symmetries. Besides the usual invariance under
space-time translations and space rotations, it is invari-
ant under a shift in the height field and a Galilean trans-
formation (or tilt of the interface). The latter enforces
the exact relation z + χ = 2 in any dimension.
In fact, theses symmetries admit extended forms,
which correspond to the following infinitesimal field
transformations with time-dependent parameters:
h(t, ~x) −→ h(t, ~x) + c(t) (13)
for the height shift, and for the Galilean transformation
h(t, ~x) −→ h(t, ~x+ λ~(t)) + ~x · ∂t~
h˜(t, ~x) −→ h˜(t, ~x+ λ~(t)) . (14)
The choice ~(t) = ~v×t yields the standard Galilean trans-
formation (for the velocity field ~∇h, which corresponds to
a tilt for the height field). An arbitrary infinitesimal ~(t)
gives a local-in-time, or time-gauged Galilean transfor-
mation. The time-gauged symmetries (13) and (14) are
extended symmetries, in the sense that the KPZ action
is not strictly invariant under these transformations, but
the induced variations are linear in the fields. One can
also derive in the case of extended symmetries associated
Ward identities, which in this case, because of the local-
ity in time of the corresponding transformations, have
a stronger content than their non-gauged versions [41].
These exact identities are very useful to constrain ap-
proximations. For a d = 1 interface, there exists an addi-
tional discrete symmetry associated to the time-reversal
transformation [48]
h(t, ~x)→ −h(−t, ~x)
h˜(t, ~x)→ h˜(−t, ~x) + ν
D0
∇2h(−t, ~x) . (15)
Indeed the corresponding variation of the action is δS ∝∫
~x
(~∇h)2∇2h, which vanishes in one dimension only. This
symmetry in turn completely fixes the KPZ critical ex-
ponents in d = 1 to the values χ = 1/2 and z = 3/2.
The presence of temporal correlations, either of the
form Dτ or D∞, breaks the Galilean symmetry in all
dimensions, and also the time-reversal symmetry in d =
1. The consequences are studied within the NPRG, which
is presented in the next section.
III. NON-PERTURBATIVE
RENORMALIZATION GROUP FOR KPZ
A. Non-Perturbative Renormalization Group
formalism
Integrating out microscopic fluctuations is the key in-
gredient to understand the long-distance universal prop-
erties of a physical system. The NPRG is a modern im-
plementation of Wilson’s original idea of the renormal-
ization group [49], conceived to efficiently average over
fluctuations, even when they develop at all scales, as
in standard critical phenomena [50–52]. It is a power-
ful method to compute the properties of strongly cor-
related systems, which can reach high precision levels
[53, 54], and can yield fully non-perturbative results, at
4equilibrium [55–57] and also for non-equilibrium systems
[39, 41, 48, 58–60], restricting to a few classical statistical
physics applications.
The progressive integration of fluctuation modes is
achieved by introducing in the KPZ action (11) a scale-
dependent quadratic term
∆Sκ = 1
2
∫
ω,~q
φi(ω, ~q)[Rκ(ω, ~q)]i,jφj(−ω,−~q) (16)
where κ is a momentum scale, and φ1 ≡ h, φ2 ≡ h˜.
The matrix elements of Rκ are proportional to a cutoff
function r(q2/κ2), with q = |~q|, which ensures the selec-
tion of fluctuation modes: r(x) is required to be large
for x . 1 such that the fluctuation modes φi(q . κ) are
essentially frozen and do not contribute in the path inte-
gral, and to be negligible for x & 1 such that the other
modes (φi(q & κ)) are not affected. ∆Sκ must preserve
the symmetries of the original action and causality prop-
erties. For the KPZ field theory, a suitable form is [39]
Rκ(ω, ~q)≡Rκ(~q)=r
(
q2
κ2
)(
0 νκq
2
νκq
2 −2Dκ
)
, (17)
where the running coefficients νκ and Dκ are defined
later. Here we work with the cutoff function
r(x) = α/(exp(x)− 1) , (18)
where α is a free parameter, which can be used to esti-
mate the error and optimize the results, as discussed in
Appendix C 3.
We emphasize that the regulator (17) does not de-
pend on frequency. Whereas it would be desirable to
also regularize in frequency, it is much simpler not to,
and it is the actual choice made in most applications to
non-equilibrium systems [58, 61]. It turns out that for
most applications, regularizing in momentum is enough
to achieve the separation of fluctuation modes and to
ensure the analyticity of the flow. The implementation
of a frequency regularization was studied in [62] on the
example of Model A, where it was shown that it does im-
prove the results. However, the difficulty lies in formulat-
ing a regulator which respects both causality and all the
symmetries of the model. For KPZ, the Galilean invari-
ance precludes from having a (manageable) frequency-
dependent regulator. This has implications for the study
of the power-law correlator D∞, since the latter brings
non-analyticities in ω which would be cured (as they
should) by a frequency regularization, whereas with only
a momentum regulator they will survive and have to be
dealt with (as explained in the following).
The inclusion of ∆Sκ in (11) leads to a scale-dependent
generating functional Zκ. Field expectation values in the
presence of the external sources j and j˜ are obtained from
the functional Wκ = logZκ as
ψ(x) = 〈h(x)〉 = δWκ
δj(x)
, ψ˜(x) = 〈h˜(x)〉 = δWκ
δj˜(x)
, (19)
denoting x = (t, ~x). The EAA is defined as the modified
Legendre transform of Wκ as
Γκ[ψ, ψ˜] +Wκ[j, j˜] =
∫
jiϕi − 1
2
∫
ϕi [Rκ]ij ϕj . (20)
where ji are the sources associated with the fields ϕi,
with ϕ1 = ψ, ϕ2 = ψ˜. The scale-dependent Effective Av-
erage Action (EEA) obeys an exact flow equation, usually
referred to as Wetterich equation [63]:
∂sΓκ =
1
2
Tr
{
∂sRκ
[
Γ(2)κ +Rκ
]−1}
(21)
where
[Γ(2)κ ]i,j =
δ2Γκ[{ϕ}]
δϕi δϕj
(22)
and Tr{·} is the trace over all the internal degrees of
freedom.
Even though the equation (21) is exact, it cannot
be solved exactly because of its non-linear functional
integro-differential structure. One has to employ some
approximation scheme [50]. The key advantage of this
approach is that these approximations do not have to
be perturbative in couplings or in dimensions, but they
are rather based on some controlled truncation of the
functional space. The approximation scheme appropri-
ate to study the KPZ equation is inspired by the Blaizot-
Mendez-Wschebor scheme [64, 65], adapted to preserve
the KPZ symmetry. Its rationale is expounded in details
in [41, 42]. It can be implemented using an Ansatz for
the EAA, which is presented in the next section.
B. Effective average action for the pure SR KPZ
To study the original KPZ equation, a general ansatz
for the EAA can be constructed using invariants under
the symmetries listed in Sec. II. In particular, for the
Galilean symmetry, one can define a function f(t, ~x) as
a scalar density if its infinitesimal transform under (14)
is δf(t, ~x) = λ~(t) · ~∇f , since this implies that ∫ dd~xf
is invariant under a Galilean transformation. One can
check that with this definition, the elementary Galilean
scalar densities are h˜, ∂i∂jh, and
Dth ≡ ∂th− λ
2
(~∇h)2 , (23)
but not ∂th alone. The scalar property is preserved by
the operator ∇ and by the covariant time derivative
D˜t = ∂t − λ~∇h · ~∇ (24)
Using these building blocks, one can construct an
ansatz which explicitly preserves Galilean symmetry. At
quadratic order in the response field, the most general
5ansatz obtained in this way, called SO (for Second Or-
der), was first proposed in [41] and reads:
Γκ[ϕ, ϕ˜] =
∫
x
{
ϕ˜fλκ (−D˜2t ,−~∇2)Dtϕ− ϕ˜fDκ (−D˜2t ,−~∇2)ϕ˜
−1
2
[
∇2ϕfνκ (−D˜2t ,−~∇2)ϕ˜+ ϕ˜fνκ (−D˜2t ,−~∇2)∇2ϕ
]}
(25)
with fXκ analytic functions of their arguments defined as
fXκ (−D˜2t ,−∇2) =
∞∑
m,n=0
aXκ,mn(−D˜2t )m(−∇2)n . (26)
In this ansatz, the constraints stemming from Galilean
invariance are two-fold: first λ is not renormalized, which
implies that the term proportional to Dtϕ renormalizes
as a whole, with a unique function fλκ in (25). The sec-
ond constraint is that time derivatives can only enter via
covariant time derivatives D˜t. This constraint can be
expressed on the vertices Γ
(n)
κ , under the form of exact
Ward identities, which relate a Γ
(n+1)
κ vertex with one
vanishing momentum on a ϕ leg to a lower order ver-
tex Γ
(n)
κ [41]. These identities are automatically satisfied
at all scales κ by the vertices Γ
(n)
κ computed from the
ansatz (25). Furthermore, additional constraints stem
from the other symmetries. The time-gauged shift sym-
metry (13) imposes that fλκ (ω, ~p = 0) = 1 at any scale
κ. In d = 1, the time-reversal symmetry further imposes
that fDκ = f
ν
κ , and f
λ
κ = 1, such that there is a single
independent running function in one dimension.
The ansatz (25) truncates the functional dependence
in ϕ˜ at quadratic order, but it remains functional in ϕ
through the operators D˜t. This ansatz provides a non-
trivial frequency and momentum dependence for all ver-
tices Γ
(n)
κ . This dependence is the most general one for
the two-point functions, but it is not for higher order ver-
tices. It was shown in [41] that this ansatz yields very
accurate results. It reproduces in particular to a very
high precision level the exact results available in d = 1
for the scaling functions associated with the two-point
correlation function, up to very fine details of the tails of
these functions.
However, solving the flow equations at SO represents
quite a heavy numerical task in d > 1. Thus, a sim-
plification was proposed in [42], which consists in ne-
glecting the frequency dependence of the functions fXκ
in the integrands of the flow equations. This approxima-
tion, named Next-to-Leading Order (NLO), allows one
to explore higher spatial dimensions in a reasonable com-
putational time. Indeed, at NLO, all the n−point ver-
tices Γ
(n)
κ , with n > 2, vanish except the bare one Γ
(2,1)
κ .
The NLO approximation leads to reliable estimates for
the critical exponents, and it enables one to determine
non-trivial properties of the rough phase in d > 1, such
as scaling functions, and associated universal amplitude
ratios [42]. Some of the predictions obtained at NLO
were accurately confirmed by subsequent numerical sim-
ulations [43]. Note that this approximation turns out to
deteriorate when the dimension grows, and it becomes
unreliable above d & 3.5. Therefore it cannot be used for
instance to probe the existence or not of an upper critical
dimension for KPZ, for which the full SO approximation
should be implemented.
In this work, we use approximations close to the NLO
one, but extended to take into account violations of
Galilean invariance. To study the LR noise, it is enough
to simply include the running of the two coupling con-
stants gκ and w
θ
κ. To study the SR noise, a general-
ized version, denoted NLOω, which keeps the full fre-
quency dependence of the two-point functions, is neces-
sary. Since the former can be obtained as a simplification
of the latter, we present in the next section the more gen-
eral NLOω scheme, and the subsequent simplifications
will be highlighted when needed.
C. Effective average action with broken Galilean
invariance
Introducing a non-trivial frequency dependence in the
noise correlator of the KPZ equation breaks Galilean in-
variance at the microscopic level. This means that the
constraints associated with this symmetry no longer ap-
ply. In particular, the non-linear coupling can acquire a
non-trivial RG flow λ ≡ λk, which has to be taken into
account. This implies some modifications of the ansatz,
since as a consequence the covariant time derivative is
splitted in two independent parts. One is thus led to
introduce two independent running functions as follows
fλκ Dtϕ→ f tκ ∂tϕ−
λκ
2
fλκ (~∇ϕ)2 . (27)
Similarly, D˜t decomposes in two independent parts. For
simplicity, we only retain in the arguments of the func-
tions fXκ the time derivative part, that is
fXκ (−D˜2t ,−∇2)→ fXκ (−∂2t ,−∇2) . (28)
This in turn implies that the functions fXκ no longer de-
pend on the field ϕ, which results in a truncation at
quadratic order in ϕ also. The corresponding ansatz
NLOω, reads
Γκ[ϕ, ϕ˜] =
∫
x
{
ϕ˜f tκ∂tϕ−
λκ
2
ϕ˜fλκ (~∇ϕ)2 − ϕ˜fDκ ϕ˜
−1
2
[∇2ϕfνκ ϕ˜+ ϕ˜fνκ∇2ϕ]} . (29)
where all functions depend on (−∂2t ,−~∇2). With this
ansatz, the two-point functions are given by
Γ(1,1)κ (ω, ~p) = iωf
t
κ(ω, p) + ~p
2fνκ (ω, p)
Γ(0,2)κ (ω, ~p) = −2fDκ (ω, p)
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FIG. 1. (a) Evolution of the function fDκ ($, 0) with the RG scale for different values of τ = 0, 0.01, 0.05, 0.1. For each τ , the
function is represented at successive RG times s = − log(κ/Λ): s = 0 where they are Gaussians of different width, s = 3 where
the functions for the different τ are already almost superimposed (erasure of the initial conditions), and s = 40 where the
fixed-point shape is reached, characterized by a power-law decay very close to the KPZ one ∼ $1/3 (purple line). (b) Evolution
of the functions fDκ ($, 0) and f
ν
κ ($, 0) with the RG scale for τ = 0.01, represented for the RG times s = 0, 3, 40. Although
they start at s = 0 from different shapes fDκ=Λ($, 0) 6= fνκ=Λ($, 0), the time-reversal symmetry is restored at s . 3 where they
already coincide, up to the fixed point fD∗ ($, 0) = f
ν
∗ ($, 0).
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FIG. 2. Evolution with the RG time s = − log(κ/Λ) of (a) ηλκ and (b) |ηDκ −ηνκ|, for different values of τ = 0, 0.01, 0.05, 0.1. One
observes that: (a) the time-reversal symmetry is dynamically restored along the flow since ηD∗ = η
ν
∗ at the fixed point, which
implies that χ = 1/2, (b) the Galilean invariance is almost restored: ηλ∗ takes a very small value for all τ . As explained in the
text, this residual non-zero violation of Galilean invariance is induced by the NLOω ansatz, which implies that z = 2− χ− ηλ∗
slightly deviates (by less than 0.5%) from the SR-KPZ value z = 3/2.
Γ(2,0)κ (ω, ~p) = 0 (30)
noting simply that the actual dependence of the functions
fXκ is on ω
2 and ~p 2.
Let us place this approximation with respect to the
other ones, NLO and SO mentioned previously. In the
NLO approximation, the frequency dependence of all
the functions fXκ is neglected in the right-hand side of
the flow equations, which amounts to the replacement
fXκ (ω, p) → fXκ (p) in the integrands of (32) [42]. The
functions fXκ nonetheless acquire a frequency dependence
generated by the explicit dependence on the external fre-
quency in the flow equations. Within the NLOω approx-
imation, this replacement is performed only for the func-
tions f tκ and f
λ
κ , while the full frequency dependence of
fDκ and f
ν
κ is kept in the flow equations. This is the min-
imal scheme that allows one to study SR temporal cor-
relations in the noise while limiting the explicit break-
ing of the KPZ symmetries by the ansatz. The NLOω
scheme induces an additional computational cost com-
pared to NLO (in particular, the integration over the
internal frequency ω can no longer be performed ana-
lytically, and additional interpolations in the frequency
sector are needed, see Appendix C). However, since the
NLOω approximation is actually quadratic in both ϕ and
ϕ¯, there remains only one non-zero 3-point vertex func-
7tion, as in the NLO scheme, which is Γ
(2,1)
κ
Γ(2,1)κ (ω1, ~p1, ω2, ~p2) = λκ~p1 · ~p2fλκ ((ω1 + ω2)2, |~p1 + ~p2|2).
(31)
This implies that the expression of the flow equations
is still greatly simplified compared to the SO scheme
[61], and thus remains numerically reasonable, in par-
ticular in d = 2. The price to pay is that the NLOω
approximation induces a small spurious breaking of the
Galilean invariance (even when this symmetry is present
at the microscopic level). Indeed, contrarily to the D˜t
operator, the simple time derivative ∂t does not gener-
ate scalars under Galilean transformation. In particu-
lar, the frequency dependence in the two-point functions
is not accompanied by a higher-order field dependence
as it should to satisfy the Galilean Ward identities and
thus preserve this symmetry. Treating the full frequency
dependence without inducing any spurious breaking of
Galilean invariance would require to work with the SO
ansatz. However, within the NLOω scheme, this spurious
breaking remains very small, and does not prevent from
identifying a “true” physical breaking, as shown in the
next sections.
D. Flow equations and running anomalous
dimensions
The flow equation for the running functions fνκ , f
t
κ,
respectively fDκ , can be deduced from the flow equation
of the two-point functions Γ
(1,1)
κ , respectively Γ
(0,2)
κ . The
calculations are the same as those reported in [42]. One
obtains within the NLOω scheme
∂κf
D
κ ($, p) = 2gκf
λ
κ (p)
2
∫
ω,~q
(~q 2 + (~p · ~q))2 kκ(Ω, Q)
Pκ(ω, q)2Pκ(Ω, Q)
{
Pκ(ω, q) ∂κS
D
κ (q)− 2 ~q 2 `κ(ω, q) kκ(ω, q) ∂κSνκ(q)
}
, (32a)
∂κf
ν
κ ($, p) = −2
gκ
p2
fλκ (p)
∫
ω,~q
~q 2 + (~p · ~q)
Pκ(ω, q)2Pκ(Ω, Q)
{
− ~p · ~q fλκ (Q) `κ(Ω, Q)Pκ(ω, q) ∂κSDκ (q)
+
[
2 ~p · ~q fλκ (Q) `κ(Ω, Q) `κ(ω, q) kκ(ω, q) + (~p 2 + ~p · ~q) fλκ (q) kκ(Ω, Q)(ω2 f tκ(q)2 − `κ(ω, q)2)
]
~q 2 ∂κS
ν
κ(q)
}
,
(32b)
∂κf
t
κ($, p) = 2
gb
$
fλκ (p)
∫
ω,~q
~q 2 + (~p · ~q)
Pκ(ω, q)2Pκ(Ω, Q)
{
− Ω ~p · ~q fλκ (Q) f tκ(Q)Pκ(ω, q) ∂κSDκ (q)
+ 2
[
Ω ~p · ~q fλκ (Q) f tκ(Q) kκ(ω, q) + ω (~p 2 + ~p · ~q) fλκ (q) f tκ(q) kκ(Ω, Q)
]
~q 2 `κ(ω, q) ∂κS
ν
κ(q)
}
, (32c)
with
`κ(ω, q) = q
2(fνκ (ω, q) + νκ r(q
2/κ2)), (33a)
kκ(ω, q) = f
D
κ (ω, q) +Dκr(q
2/κ2) (33b)
Pκ(ω, q) = ω
2 f tκ (ω, q)
2
+ `κ (ω, q)
2
(33c)
SXκ (q) = Xκr(y) , y = q
2/κ2 , X ∈ {D, ν}, (33d)
κ∂κS
X
κ (y) = −Xκ (ηXκ r(y) + 2y ∂yr(y)), (33e)
and where the anomalous dimensions ηXκ are defined be-
low. For the additional running function fλκ ($, p), we
approximate its flow by the one of f tκ($, p), noting that
the two flows are equal when Galilean invariance is pre-
served. We take into account the possible breaking of this
symmetry through the flow of the non-linear coupling,
which can be defined from the 3-point vertex function
Γ
(2,1)
κ as
λκ = lim
p→0
4
p2
Γ(2,1)κ
(
0,
~p
2
, 0,
~p
2
)
. (34)
The computation of the flow of λκ is reported in Ap-
pendix B. We obtain within the NLOω approximation
∂sλκ = −Sd 2gκ
d
∫ ∞
0
dq
(2pi)d
∫ ∞
−∞
dω
(2pi)
qd+3fλκ (q)
2
Pκ(ω, q)4
{
∂sS
D
κ (q)Pκ(ω, q)
[
Pκ(ω, q)− 4ω2f tκ(q)2
]
− 4q2∂sSνκ(q)kκ(ω, q)`κ(ω, q)
[
Pκ(ω, q)− 6ω2f tκ(q)2
]}
(35)
where we used
∫∞
0
dq(~p ·~q)2F (~q 2) = 1d~p 2
∫∞
0
dq~q 2F (~q 2),
with Sd = 2pi
d/2/Γ(d/2) the d-dimensional solid angle.
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FIG. 3. Evolution with the RG time s in d = 1 of (a) the LR coupling wθκ and (b) the violation of Galilean invariance η
λ
κ , for
different values of θ = 0, 0.1, 0.16, 0.166, 0.17, 0.22, 0.24 (from blueish to greenish) in d = 1. For θ < θc, the flow reaches the
SR-KPZ fixed point with wθ∗ = 0, η
λ
∗ = 0, while for θ > θc, a LR fixed point with w
θ
∗ 6= 0, ηλ∗ 6= 0 is reached. The critical value
is θc = 0.166 confirming the theoretical prediction θc = 1/6. Interestingly, it is clearly identified as the value leading to an
algebraic decay of wθκ and η
λ
κ in the RG time s (bold orange line).
At the NLO approximation, one further neglects the
frequency dependence of fDκ and f
ν
κ in the integrand,
i.e. fν,Dκ (ω, p) → fν,Dκ (p). With this replacement, the
integration over the internal frequency ω can be per-
formed analytically, and one obtains that ∂sλκ is exactly
zero, and hence ηλκ = 0. Thus, one has to keep the fre-
quency dependence of these functions to probe violations
of Galilean invariance, as mentioned previously.
1. Anomalous dimensions and dimensionless flows
To fix the normalization of the renormalization func-
tions, we introduce two scale-dependent coefficient νκ
and Dκ, defined as
Dκ ≡ fDκ ($0, 0) , νκ ≡ fνκ ($0, 0) , (36)
where $0 is a specified normalization point, chosen as
$0 = 0 unless otherwise stated. These coefficients en-
compass the renormalization of the fields and the anoma-
lous scaling between space and time. Their flow can
be simply obtained from the limit ($, p) → ($0, 0) in
Eq. (32a) and Eq. (32b) respectively. One can define two
running anomalous dimensions associated with these co-
efficients as
ηDκ = −κ∂κ lnDκ , ηνκ = −κ∂κ ln νκ . (37)
One can show that the critical exponents can be ex-
pressed in terms of the fixed point values of these anoma-
lous exponents as [41]
z = 2− ην∗ , χ = (2− d+ ηD∗ − ην∗ )/2 . (38)
For f tκ, the shift-gauged symmetry imposes that
f tκ($, 0) = 1 for all $, and in particular for $0, which
also applies for fλκ since we equate their flows.
Since we are interested in the fixed points, we intro-
duce dimensionless quantities. We define dimensionless
momenta, e.g. pˆ = p/κ, and frequencies, e.g. $ˆ =
$/(νκκ
2), and consider the dimensionless functions ob-
tained as fˆXκ ($ˆ, pˆ) = f
X
κ ($, p)/Xκ. Their flow equation
is thus given by
∂sfˆ
X
κ ($ˆ, pˆ) =
(
ηXκ + (2− ηνκ)$ˆ∂$ˆ + pˆ∂pˆ
)
fˆXκ ($ˆ, pˆ)
+ IˆXκ ($ˆ, pˆ) (39)
where IˆXκ is the non-linear part of the flow equations
∂sf
X
κ /Xκ, given in (32), expressed in dimensionless vari-
ables, and with Xκ = Dκ, νκ, 1 and η
X
κ = η
ν
κ, η
D
κ , 0 for
fDκ , f
ν
κ and f
t
κ = f
λ
κ respectively.
Finally, we denote the flow of λκ as
κ∂κ lnλκ = −ηλκ . (40)
The flow of the dimensionless coupling gˆκ ≡
κd−2λ2κD0/ν
3 can be expressed as
∂sgˆk = gˆk
(
d− 2− 2ηλκ + 3ηνκ − ηDκ
)
. (41)
At a non-gaussian fixed point, this implies the relation
z + χ− 2 = ηλ∗ . (42)
If Galilean symmetry is present, then ηλ∗ = 0 and one
recovers the standard relation z + χ = 2. A non-zero ηλ∗
quantifies the violation of Galilean invariance.
Flow of wθκ in the NLO approximation
The presence of a power-law noise correlator D∞(ω, ~q)
in (10) introduces another coupling wθκ related to the
non-analytic part. The function fDκ is now composed of
two parts
fDκ (ω, q) = f˜
D
κ (ω, q) + w
θ
κω
2θ. (43)
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FIG. 4. (a) Roughness exponent χ and (b) dynamical expo-
nent z as a function of θ in d = 1 and for different approx-
imation schemes. The exponents take the SR-KPZ values
χ = 1/2 and z = 3/2 up to a critical value of θ very close
to the theoretical prediction θc = 1/6 (dashed vertical line).
Beyond this value, the exponents vary continuously with θ.
The LPA results (light-blue solid line) improves the analyti-
cal RG result at one-loop given in (5) (dashed orange line),
where we recall the authors set ηλκ = 0, but still differ from
the NLO results (dark-blue solid line). The NLO and NLOω
results are very close, despite the slight shift in z at NLOω
due the the residual breaking a Galilean invariance within
this sheme. At NLO, we find an almost linear behavior of
χ(θ) ' 1.43θ + 0.26. It turns out to be reasonably close to
numerical estimation from the approximate RG equations (7)
(yellow dashed line) for χ, but not for z. All the estimates
from NPRG lie within the bounds given in (9) (yellow region).
In principle, the NPRG flow is analytic, such that no
non-analytic contribution can arise to renormalize the
coupling wθκ. The situation is more subtle here since the
frequency sector is not regularized, see discussion in Ap-
pendix A, but the non-renormalization of wθκ is preserved.
Defining the dimensionless running coupling wˆθκ as
wˆθκ = κ
−4θwθκ
1
Dκν2θκ
(44)
one obtains its flow as
∂swˆ
θ
κ = wˆ
θ
κ
(−4θ + ηDκ + 2θηνκ) . (45)
For any fixed-point solution for which wˆθ∗ 6= 0, one de-
duces that
ηD∗ = 4θ − 2θην∗ (46)
which yields if gˆ∗ 6= 0
ηλ∗ =
1
2
(2− d+ 4θ − (3 + 2θ)ην∗ ), (47)
which is non-zero in general. Hence, if a LR fixed-point
with wˆθ∗ 6= 0 exists and is stable, it is associated with a
violation of Galilean symmetry. Assuming that the two
fixed-points, the LR and the SR ones, exist and compete,
then the transition from one to the other occurs when the
corresponding exponents are equal, that is for zLR = zSR
and thus η∗λ = 0. One deduces that the corresponding
critical value θc is given by
θc(d) =
1
2(η∗ν − 2)
(2− d− 3η∗ν) . (48)
One then expects a transition from a SR to a LR domi-
nated phase with critical exponents satisfying:
SR : z + χ = 2, θ < θc
LR : z + χ = 2− η∗λ(θ), θ > θc
IV. RESULTS
In this section, we only consider dimensionless quanti-
ties, so we omit the hat symbols to alleviate notations.
A. Temporal correlations with a finite correlation
time
We consider the KPZ action with the microscopic noise
correlator Dτ defined in (10). This corresponds to the
initial condition
fDκ=Λ($, p) = Dτ ($, p) = exp
− 12$2τ2 (49)
and
fνΛ($, p) = 1, f
t
Λ($, p) = f
λ
Λ($, p) ≡ 1 . (50)
Hence at the microscopic level, both the Galilean invari-
ance and the time-reversal symmetry in d = 1 are broken
(since fDΛ 6= fνΛ).
Let focus on d = 1. In this dimension, the functions fλκ
f tκ are kept to one not to induce an additional source of
breaking of time-reversal symmetry by the ansatz. We in-
tegrated numerically the flow equations for the two func-
tions fDκ ($, p) and f
ν
κ ($, p) (NLOω approximation), to-
gether with the flow equations for the coupling gκ, and
for the coefficients νκ and Dκ, for different values of τ
between 0 and 1. Details on the numerical procedure are
provided in Appendix C.
For all values of τ , we observed that the flow reaches a
fixed-point, with stationarity in κ for all quantities. The
coupling gκ tends to a fixed-point value g∗. At the same
time, the renormalization functions fDκ and f
ν
κ smoothly
evolve to endow a fixed-point form, which does not de-
pend on the value of τ , as illustrated for fDκ in Fig. 1
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FIG. 5. (a) The LR coupling wθκ and (b) η
λ
κ , for different values of θ = 0, 0.1, 0.2, 0.3, 0.34, 0.35, 0.4, 0.45 (from blueish to
greenish) and θc = 0.346 (orange line) as a function of the RG time s, in d = 2. Two distinct behaviors, corresponding to the
SR and the LR fixed points are observed, separated by the critical value θc for which w
θ
κ and η
λ
κ vanish algebraically with s.
(a). This means that the large distance physics is uni-
versal, i.e. independent of the microscopic details, and it
corresponds to the SR-KPZ universality class (the same
fixed-point is attained as for τ = 0).
Furthermore, although they start with very different
shapes, the two functions fDκ and f
ν
κ become equal at
the fixed point fD∗ ($, p) ≡ fν∗ ($, p), as illustrated in
Fig. 1 (b). This means that the time-reversal symmetry
is dynamically restored at large distances. This is further
illustrated in Fig. 2 (b), which shows that the difference
|ηνκ − ηDκ | vanishes at the fixed point for all τ . According
to Eq. (38), this implies that the χ exponent is exactly
the KPZ one χ = 1/2.
Moreover, the Galilean symmetry is also restored at
the fixed point, although only approximately. This can
be assessed by the value of η∗λ, which is represented in
Fig. 2 (a). One observes that it reaches a constant
value, which is not strictly zero but a small number
of order 0.0065. As explained before, this reflects the
spurious violation of Galilean invariance induced by the
NLOω ansatz (truncation in the field dependence). This
value is the same as for the pure KPZ case (for τ = 0)
and yields an error of less than 0.5% on the exponent
z. Furthermore, we observe that for any finite τ , the
function fD∗ decays at large frequency as a power law
fD∗,τ ($, 0) ∼ $η
D
∗ /z, with z = 2 − χ − ηλ∗ , very close to
the pure KPZ case fD∗,τ=0($, 0) ∼ $1/3. Hence one can
conclude that for all τ , the universal properties of the
interface are the standard SR-KPZ ones.
In two dimensions, the NLOω approximation does not
seem to suffice to properly describe the pure KPZ-SR
case. We did not succeed in accessing the fixed point
within this scheme, probably because the violation of
Galilean symmetry induced by the ansatz (through ne-
glecting all higher-order vertex functions) is too severe
in d = 2. On the other hand, the NLO scheme alone
does not allow to implement an initial condition which
involves a functional frequency dependence of fDΛ as in
(49). Hence, to study the effect of a temporal SR-
correlated noise in d = 2 would require to use the full
SO ansatz (which does not induce any artificial violation
of Galilean symmetry). This is beyond the scope of this
work. We will thus restrict in d = 2 to the study of the
LR case, which can be studied at NLO.
To summarize on the temporally SR-correlated noise,
we found in d = 1 that its presence does not change the
large-distance properties of the interface, which is still
characterized by the SR-KPZ universality class. Hence,
although both the Galilean and time-reversal symmetries
are broken at the microscopic level, these symmetries are
restored dynamically along the flow. This is the first
analysis of the effect of SR time-correlations in the KPZ
equation, which is here rendered possible by the both
functional and non-perturbative formalism we use.
B. Power-law temporal correlations
We now investigate the presence of correlations in the
microscopic noise with no typical length-scale, i.e. the
power-law LR correlations D∞ in (10). This corresponds
to the initial condition
fDκ=Λ($, p) = D∞($, p) = D0 +Dθ$
−2θ (51)
together with (50). As explained in Sec. III D, this LR
noise introduces a new dimensionless coupling constant
wθκ and two different scenarii may now emerge: either the
SR part of the noise dominates, corresponding to a stable
SR fixed point with wθ∗ = 0, or the LR part dominates,
corresponding to a stable LR fixed point with wθ∗ 6= 0.
Since for such a fixed point Galilean symmetry is broken,
z + χ 6= 2, and there is no simple way to compute the
associated LR critical exponents even in d = 1.
To study the LR noise, it is enough to work within the
NLO approximation, since the analytical dependence in
frequency of the two-point functions is not essential in
this case. The advantage is that there is no spurious (i.e.
introduced by the ansatz) breaking of Galilean symmetry
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FIG. 6. (a) The roughness χ(θ) and (b) dynamical z(θ) crit-
ical exponents as a function of the LR exponent θ in d = 2,
and for different approximation schemes. The values obtained
for the pure KPZ case within NLO and from recent numerical
simulations [66] are represented as the dashed lines SR-KPZ,
NLO and Num., respectively. We find in d = 2 at NLO two
regimes, as in d = 1. The critical exponents coincide with the
SR-KPZ ones below a critical value θc ' 0.346, while beyond
this value, we obtain θ-dependent critical exponents. Within
the simplified NLO approximation with f tκ = 1, the quali-
tative picture is the same, although the curves are shifted
because the values for the exponents at the SR-KPZ fixed
point differ a bit (less than 10 %) within this scheme. The
one-loop analytical result (5) from DRG is also represented
for comparison, although in this case, the value for θc cannot
be obtained from the perturbative analysis. It can be esti-
mated here as the intersection between this prediction and
the SR-KPZ values for the exponents.
at NLO. Indeed, the analytical part of the flow of λκ
vanishes at NLO. The only contribution stems from the
non-analytical part of fDκ and reads
∂sλκ = Sd
8gκw
θ
κ
d
∫ ∞
0
dq
(2pi)d
qd+5fλκ (q)
2∂sS
ν
κ(q)`κ(q)
×
∫ ∞
−∞
dω
(2pi)
ω−2θ
Pκ(ω, q)4
[
Pκ(ω, q)− 6ω2f tκ(q)2
]
.
(52)
One dimensional case
As for the SR correlated noise, we fix f tκ = f
λ
κ = 1
in d = 1 in order not to artificially break the time-
reversal symmetry. We integrated numerically the NLO
flow equations for fDκ and f
ν
κ together with the flow equa-
tions for the two dimensionless couplings gκ and w
θ
κ and
anomalous dimensions. We find two distinct regimes de-
pending on the value of θ, as illustrated on Fig. 3. For
θ < θc = 1/6, gκ flows to a finite fixed point value g∗
while wθκ flows to zero. At the same time, η
λ
κ also flows to
zero, hence Galilean invariance is dynamically restored,
and the critical exponents take the KPZ values. The
long-distance physics is hence controlled by the SR-KPZ
fixed-point. For θ > θc, both gκ and w
θ
κ flow to a non-zero
fixed-point value, and the violation of Galilean invariance
ηλ∗ increases with θ, as illustrated on Fig. 3. Hence in this
regime, the long-distance properties are controlled by a
line of LR fixed points, with critical exponents depend-
ing on θ. The critical value θc = 1/6 delimiting the two
regimes is clearly identified on Fig. 3 by the algrebraic
decay of wθκ and η
λ
κ with the RG time s.
These findings are in agreement with the results pre-
sented in [15, 34], and show that a pure SR-KPZ regime
is not destroyed for an infinitesimal θ, contrary to the
scenario advocated by SCE or Flory approaches. The
critical exponents χ and z obtained at NLO are repre-
sented on Fig. 4, and compared to the DRG approach of
[15] for which explicit results are given.
We also performed the same analysis within different
approximations of NPRG to test the robustness of the
results. Within the NLOω scheme, the existence of the
two regimes is confirmed. However, since in this ap-
proximation a residual breaking of Galilean invariance
ηλ∗ ' 0.0065 caused by the ansatz subsists at the SR fixed
point, the critical value of θc is slightly shifted, but the
critical exponents are close to the NLO ones, see Fig. 4.
The simplest approximation within NPRG is called the
Local Potential Approximation (LPA). It consists in com-
pletely neglecting the momentum and frequency depen-
dence of the running functions, which thus amounts to
simply considering the two dimensionless couplings and
two anomalous dimensions. As shown in [48], this ap-
proximation already enables one to access the strong-
coupling KPZ fixed point in any dimensions d. However,
the critical exponents are poorly determined, except in
d = 1 due to the time-reversal symmetry. Within the
LPA, one recovers the two regimes with the same critical
value θc, but the critical exponents slightly differ, they
lie closer to the one-loop results (5) as could be expected.
The NLO results fall in between the numerical approx-
imation of [15] and the LPA results. Let us emphasize
that all our estimates for z(θ) lie within the bounds (9)
derived in [34].
Two dimensional case
In two dimensions, the estimation of χ for the pure SR-
KPZ within the NLO approximation is χ = 0.375. Sub-
situting this value of ην∗ ≡ 2− z = χ in (48), one obtains
a theoretical estimate of the critical value θc = 0.346. In
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the work of [15], a non-physical divergence in ω appears
at θ = 1/4. Within the present work, since no regular-
ization is implemented on the frequency, the same singu-
larity is present. It occurs in the flow equation of fDκ ,
in the term proportional to ∂κS
D
κ , and is proportional to
(ω + $)−4θ. The singularity thus arises when evaluated
at zero external frequency $, that is for the calculation
of the anomalous dimension ηDκ . Once again, if we could
use a frequency-dependent regulator which do not break
Galilean invariance, this problem would not exist. With-
out such a regulator, this problem can be nevertheless
avoided by shifting the normalization point $0 of the
anomalous dimensions (36), to a non-zero external fre-
quency (see Appendix C).
We performed the same analysis as for the one-
dimensional case. We observed that for θ < θc, the
Galilean invariance is restored by the flow, and the large
distance physics is described by the pure SR-KPZ fixed
point. This is illustrated on Fig. 5 which shows that
the LR coupling wθκ vanishes at the fixed-point, and η
λ
κ
also vanishes (exactly at NLO). For θ > θc, the LR cou-
pling wθκ and η
λ
κ both reach a non-zero fixed-point value,
which depends on θ. This corresponds to a LR fixed-
point, where Galilean invariance remains broken. The
critical value θc can be identified on Fig. 5 by the al-
grebraic decay of the flow, separating the two different
behaviors.
The results for the critical exponents are shown on Fig.
6, within two versions of NLO: either with a non-trivial
flow for f tκ(p) = f
λ
κ (p), or setting f
t
κ(p) = f
λ
κ (p) = 1.
This latter scheme is similar to the one used in d = 1,
although it is imposed in this dimension by the time-
reversal symmetry, whereas it is arbitrary in d = 2. Both
results are in agreement.
V. CONCLUSION
In this work, we studied the effect of temporal correla-
tions in the microscopic noise of the KPZ equation, both
in d = 1 and d = 2. Their presence breaks the consti-
tutive symmetry of the KPZ class, which is the Galilean
invariance. It is thus not clear a priori whether an in-
finitesimal amount of temporal correlations suffice to de-
stroy the KPZ universal properties, and this was debated
in the literature. We investigated this issue within a non-
perturbative renormalization group approach, which is
functional in both momentum and frequency, and thus
allows one to precisely analyze non-delta correlations in
the microscopic noise.
We first studied the case of SR temporal correlations,
characterized by a finite time scale τ , in d = 1. This
type of correlation breaks both the Galilean and the time-
reversal symmetries in d = 1. However, we found that for
any τ , these microscopic correlations are washed out by
the flow: both symmetries are dynamically restored after
a certain RG scale, and the pure SR-KPZ fixed point is
reached. This means that the large distance properties
of the system are still described by the KPZ class. This
result is reasonable since temporal correlations are hardly
striclty delta-correlated in any real system and still KPZ
physics can be observed.
We then focused on the case of LR temporal corre-
lations, embodied in a power-law with exponent θ. In
both d = 1 and d = 2, we found that there exists a criti-
cal value θc(d) separating two regimes, in agreement with
previous RG studies in d = 1. For θ < θc, the LR part
flows to zero, the symmetries are restored and the large
distance physics is described by the pure SR-KPZ fixed
point, while above this value, the LR part dominates
and drives the system to a new LR fixed point, with θ-
dependent critical exponents χ(θ) and z(θ) and a break-
ing of Galilean symmetry ηλ∗ (θ) = z(θ)+χ(θ)−2 6= 0 and
increasing with θ. We computed these exponents with
increased precision compared to previous approaches in
d = 1, and give for the first time an estimate in d = 2.
More precision could be achieved within the next level
of approximation, termed the SO approximation, which
allows one to fully describe the momentum and frequency
dependence of two-point functions without inducing any
spurious breaking of symmetries. However, the flow
equations at SO are much more complicated since they
include contributions from all higher-order vertex func-
tions Γ
(n)
κ and the numerical cost to integrate them is
increased. Implementing this scheme in d > 1 would be
desirable even for the pure case, since it would allow one
to probe the existence of a upper critical dimension for
KPZ. This is work in progress.
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Appendix A: Non-analycities in the presence of a
power-law correlator
In principles, the presence of the regulator in the
NPRG flow ensures the analyticity of all vertex func-
tions Γ
(n)
κ at any finite scale κ. This is always true for
the momentum dependence because of the presence of
the regulator (17). However, this is not guaranteed for
the frequency dependence since we have not included a
frequency regulator. In fact, in most systems, as long as
the initial condition is smooth, the integrands in the flow
equations are generally well-behaved in frequency and
lead to convergent integrals. A problem may arise when
non-analytic initial conditions are considered, as for the
case of LR correlations. The flow of the LR coupling wθκ
can be extracted from the flow of fDκ as
∂sw
θ
κ = lim
ω→0
ω2θ∂sf
D
κ (ω, 0) (A1)
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Within the NLO scheme, one finds
∂sw
θ
κ = lim
$→0
2λκ
×
∫
ω,~p
(~q · ~Q)2
P (ω, q)2P (Ω, Q)
$2θ
($ + ω)2θ
×
(
P (ω, q)∂sS
D
k (q)− 2~q 2`κ(q)∂sSνk (q)
($
ω
)2θ)
.
(A2)
For values θ < 1/2, the contribution of the first term
in the right hand side always vanishes. The same holds
for the second term for θ < 1/4. However, in the range
1/4 ≤ θ < 1/2, an ambiguity arises in the second term,
since this term vanishes only if the limit $ → 0 is taken
before the integration on ω. This ambiguity is present
because the frequency sector is not properly regularized,
and would disappear with a frequency-dependent regula-
tor [62]. Since the result should not depend on the choice
of the regulator, we simply assume that this term is zero
since it would vanish with a frequency regulator. Under
this assumption, the coupling wθκ is indeed not renormal-
ized.
Appendix B: Flow equation of λκ
The flow of the non-linear coupling λκ, defined by (34),
can be extracted from the flow of the three-point function
Γ
(2,1)
κ which reads
∂κ[Γ
(3)
κ ]i,j,k(p1,p2) =
1
2
Tr
{
∂κRκ(q)Gκ(q)
[
−[Γ(5)κ ]ijk(p1,p2,−p1 − p2,q)
+[Γ(4)κ ]i,j(p1,p2,q)Gκ(p1 + p2 + q)[Γ
(3)
κ ]k(−p1 − p2,p1 + p2 + q)
−[Γ(3)κ ]i(p1,q)Gκ(p1 + q)[Γ(3)κ ]j(p2,p1 + q)Gκ(p1 + p2 + q)[Γ(3)κ ]k(−p1 − p2,p1 + p2 + q)
]
Gκ(q)
}
(B1a)
>>
> >>
>>
>
>
>> >
>>
>>> >
(B1b)
where the cross in the diagrams represents the derivative
with respect to κ of the regulator. The trace operation
also includes all non-trivial permutations of the external
vertices with associated momenta. Within the NLOω
approximation, the 4- and 5- point vertex functions are
zero, and only the 3-point vertex Γ
(2,1)
κ ≡ [Γ(3)κ ]ϕ,ϕ,ϕ˜ gives
a non-vanishing contribution in the remaining graphs.
Evaluating this expression at external frequencies $1 =
$2 = 0 and external momenta ~p1 = ~p2 ≡ ~p/2 and taking
the limit ~p→ 0 yields (35).
Appendix C: Numerical Integration
1. Integration scheme
We integrated numerically the flow equations for the
dimensionless functions fDκ , f
ν
κ and f
t
κ = f
λ
κ , for the di-
mensionless couplings gκ and w
θ
κ, and for the running
anomalous dimensions ηνκ and η
D
κ , using standard pro-
cedures. The advancement in the RG time s is achieved
with an adaptative time-step: a default time-step ∆s = 1
is used as long as the ratio of the non-linear part IXκ ($, p)
of the flow of a function fXκ (or a coupling) for all ex-
ternal ($, p) does not exceed 1% of the function itself
IXκ ($, p)/f
X
κ ($, p) < 0.01, else the time-step is itera-
tively decreased by a factor
√
10 until this constraint is
satisfied.
In generic spatial dimension d there are three different
integrals to perform: over the modulo of the internal
momentum q, over the internal frequency ω and over the
angle ψ between the external and internal momenta. A
quadrature Gauss-Legendre method is used to compute
the three of them,∫ pi
0
dψ
∫ ∞
0
dq
∫ ∞
−∞
dω fXκ (ψ, q, ω)
→
∑
i,j,k
w
(ψ)
i w
(q)
j w
(ω)
k f
X
κ (ψ
∗
i , q
∗
j , ω
∗
k) (C1)
where (ψ∗i , q
∗
j , ω
∗
k) are the quadrature grid-points and w
(·)
i
their respective weights. For some specific points (typ-
ically zero momentum or frequency) the integrand has
to be treated analytically to avoid spurious numerical
divergences. The domain of integration on the internal
momentum is q ∈ [0,∞). However, the presence of the
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derivative of the regulator ∂κRκ in I
X
κ ($, p) effectively
cuts exponentially the internal momentum to q . κ such
that the integral can be performed without loss of preci-
sion over a finite domain q ∈ [0, qmax]. We checked that
qmax = 10 suffices to obtain a converged value for the
integrals. On the other hand, as the frequency sector is
not regularized, the integral over the internal frequency is
not cut, such that the contribution of the high-frequency
sector is not negligible. the integral over the internal fre-
quency is hence performed on a domain ω ∈ [0, ωmax]
with ωmax = 10
3.
2. Grids and Interpolation
The flow equations are computed for external fre-
quency and momentum on grid points ($, p) with log-
arithmic spacing, represented by blue and green points
on Fig. 7. To compute the integrals over the internal
momentum q and frequency ω, the functions fXκ have
to be evaluated at values Q = |~p + ~q| and Ω = ω + $,
which can fall outside grid points. In this work, these
integrals are computed using another grid, represented
in Fig. 7 by orange points, which corresponds to the
Gauss-Legendre quadrature roots in their respective in-
tegration domains, q ∈ (0, qmax) and ω ∈ (0, ωmax). The
external momenta (respectively frequencies) are chosen
such that p ∈ [0, Qmax = pmax + qmax] (resp. $ ∈
[0,Ωmax = $max + ωmax]), where pmax (resp. $max))
is the last blue point and Qmax (resp. Ωmax) is the fol-
lowing green point. The functions can be evaluated in
the whole orange-shaded domain using a bi-cubic spline
procedure from the blue and green points. The values of
the derivatives ∂qf
X
κ ($, p) and ∂ωf
X
κ ($, p) are also eval-
uated using the bi-cubic spline interpolation. With this
choice, the flow equations of fXκ ($, p) for all grid points
up to ($max, pmax) can hence be evaluated since the val-
ues of integration all lie in the orange-shaded domain.
To compute the flow on the boundaries, i.e. the points
with $ = Ωmax or p = Qmax, represented by the green
points on Fig. 7, we exploit the decoupling property of
the flow: for sufficiently high momenta and frequencies,
the non-linear part of the flow IXκ ($, p) become negligible
compared to the function fXκ itself when the fixed-point
is approached. For these points, we thus approximate the
flow by the linear contribution only:
∂sf
X
κ ($, p) =
(
ηXκ + (2− ηνκ)$∂$ + p ∂p
)
fXκ ($, p).
(C2)
3. Choice of the cutoff parameter and
normalization point
The cutoff function (18) depends on a free parameter
α, which can be varied to assess the precision within a
100
101
102
103
10−2 10−1 100 101 102
̟
p
Integr. Grid
Full Flow
Dim.Flow
Spline
FIG. 7. Sketch of the numerical procedure: the blue and
green grid points are the points where the flows of the func-
tions fXκ ($, p) are computed from given initial conditions at
s = 0. The orange grid points are the points used in the
Gauss-Legendre algorithm to compute numerically the inte-
grals over the internal frequency and momentum (the grid
for the integration over the angle is not represented in this
sketch). The values of the functions in the whole orange-
shaded domain are calculated using a spline interpolation.
The flows of the functions on the boundaries (green points)
are approximated by only the dimensional (linear) flow.
chosen approximation level. Indeed, if the flow equations
were solved exaclty, the results would not depend on the
regulator. Any approximation induces a spurious resid-
ual dependence on α, and a minimal sensitivity principle
can be exploited to select the optimal value of α [58]. In
0.4
0.5
0.6
0.7
10 20 30 40 50 60 70
χ
α
θ = 0
θ = 0.35
θ = 0.45
FIG. 8. Roughness exponent χ as a function of the cut-off
parameter α in d = 2 for different values of θ.
both d = 1 and d = 2, we studied the influence of α on
the critical exponents obtained at both NLO and NLOω.
We observed that their values only weakly depend on α,
as illustrated for χ in Fig. 8. We thus fixed α = 10 for
all the results presented in this work. This value cor-
responds to an optimal value for the pure KPZ case in
d = 1 at NLO [42].
Let us finally discuss the choice of the normalization
point $0 in d = 2. As explained in Sec. IV B, one can
simply avoid the singularity arises in the LR case in d = 2
at $ = 0, that is in the flow of ηDκ , by shifting the nor-
malization point to a small but non-zero value $0. We
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checked that for small enough $0, the result for the expo-
nents does not depend on this choice. This is illustrated
on Fig. 9 where we show the variation of χ with $0 for
θ = 0.45, for which the singularity at the origin is the
steepest. We hence fixed $0 = 0.01 in d = 2 for all
values of θ.
0.5
0.55
0.6
10−4 10−3 10−2 10−1
χ
̟0
FIG. 9. Roughness exponent χ for θ = 0.45 as a function of
the normalization point $0 in d = 2.
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